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13.1-1
In the style of Figure 13.1(a), draw the complete binary search tree of height 3 on
the keys {1.2.....15}. Add the NIL leaves and color the nodes in three different

ways such that the black-heights of the resulting red-black trees are 2, 3, and 4.

13.1-2
Draw the red-black tree that results after TREE-INSERT 1is called on the tree in

Figure 13.1 with key 36. If the inserted node is colored red, 1s the resulting tree a
red-black tree? What if it is colored black?

13.1-3

Let us define a relaxed red-black tree as a binary search tree that satisfies red-
black properties 1, 3,4, and 5. In other words, the root may be either red or black.
Consider a relaxed red-black tree 7" whose root is red. If we color the root of T
black but make no other changes to 7, is the resulting tree a red-black tree?



13.1-4

Suppose that we “absorb™ every red node in a red-black tree into its black parent,
so that the children of the red node become children of the black parent. (Ignore

what happens to the keys.) What are the possible degrees of a black node after all
its red children are absorbed? What can you say about the depths of the leaves of

the resulting tree?

td




13.1-5
Show that the longest simple path from a node x in a red-black tree to a descendant

leaf has length at most twice that of the shortest simple path from node x to a
descendant leaf.

13.1-6
What is the largest possible number of internal nodes in a red-black tree with black-
height k? What is the smallest possible number?

13.1-7
Describe a red-black tree on n keys that realizes the largest possible ratio of red in-

ternal nodes to black internal nodes. What is this ratio? What tree has the smallest
possible ratio, and what is the ratio?
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LEFT-ROTATE(T, x)
.||E ................................

]/ uuu-uuuuuuuuuu-uuilll. o
RIGHT-ROTATE(T, y)

LEFT-ROTATE(T, x)

Iy = x.right /] set y

2 x.right = y.left // turn y’s left subtree into x’s right subtree
3 if y.left # T.nil

4 v.left.p = x

5 yv.p=x.p // link x’s parent to y
6 ifx.p==T.nil

7 T.root =y

8 elseif x == x.p.left

9 x.p.left =y
10 else x.p.right =y
Il y.left = x // put x on y’s left

12 x.p=y
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13.2-2
Argue that in every n-node binary search tree, there are exactly n — 1 possible
rotations.

13.2-3

Let a, b, and ¢ be arbitrary nodes in subtrees «, 8, and y, respectively, in the left
tree of Figure 13.2. How do the depths of a, b, and ¢ change when a left rotation
is performed on node x in the figure?

13.2-4

Show that any arbitrary n-node binary search tree can be transformed into any other
arbitrary n-node binary search tree using O(n) rotations. (Hint: First show that at
most n — | right rotations suffice to transform the tree into a right-going chain.)
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RB-INSERT(7, 2)

13
14
15
16
17

y = T.nil
x = T.root
while x # T.nil
y =X
if z.key < x.key
x = x.left
else x = x.right
Zp =y
it y == T.nil
T.root =
elseif z.key < y.key
y.left = 2
else y.right = Z
Aeft = T.nil
right = T.nil
Z.color = RED

AN A

RB-INSERT-FIXUP(T, z)

| NSBRIMLEVTO

TREE-INSERT (T, 2)

| y = NIL

x = T.root

while x # NIL
y = X

L I

X

o~ N B

Z.p=y
if y == NIL

O

10 T.root =
11 elseif z.key < y.key
12 }!(’}‘T = 7

13 else y.right = Z

if Z.key < x.key
x.left
else x = x.right

// tree T was empty
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RB-INSERT(T, 7)

0J D —

o0 ~1 O\ W R~

11
12
13
14
15
16
17

y =T ni
x = T.root
while x #(7.nil

y=x
if z. ke’y < X. k@}r
x = x.left

else x = x.right
Z.p =y
if y =il

T.root =
elseif z.key < y.key

y.left = 2
else y.right = Z
z.left = T.nil
z.right = T.nil
Z.color = RED

ML~ Tl

TREE-INSERT(7, 2)

1

W 9

NoRie sl B e NRE) QR

10
11

13

RB-INSERT-FIXUP(T, 7)

G

x = T.root

while x # @

y =X
if Z.key < x.key
x = x.left

else x = x.right
<p =Y
if y == 1D
T.root =
elseif z.key < y.key
}’.!e" = Z
else y.right = z

// tree T was empty
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RB-INSERT(7, 2) TREE-INSERT(7, 2)

1y = T.nil I y = NIL

2 x = T.root 2 x = T.root

3 while x # T.nil 3  while x # NIL

4 y =X 4 y =X

5 if 7. key < x.key 5 if Z.key < x.key
6 x = x.left 6 x = x.left
7 else x = x.right 7 else x = x.right
8 Z.p=Yy 8 z.p=y

9 ity ==T.nil 9 if y ==NIL

10 T.root = Z 10 T.root = ¢ // tree T was empty
11 elseif z.key < y.key 11 elseif z.key < y.key
12 y.left = Z 12 y.left = z

13 else y.right = z 13 else y.right =

14 z.left =L .1

15 z.right =

16 Zz.color = RED

17 RB-INSERT-FIXUP(T, 7)
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RB-INSERT(7, 2) TREE-INSERT(7, 2)

1y = T.nil I y = NIL

2 x = T.root 2 x = T.root

3 while x # T.nil 3  while x # NIL

4 y =X 4 y =X

5 if 7. key < x.key 5 if Z.key < x.key
6 x = x.left 6 x = x.left
7 else x = x.right 7 else x = x.right
8 Z.p=Yy 8 z.p=y

9 ity ==T.nil 9 if y ==NIL

10 T.root = Z 10 T.root = ¢ // tree T was empty
11 elseif z.key < y.key 11 elseif z.key < y.key
12 y.left = Z 12 y.left = z

13 else y.right = 13 else y.right =

14 z.left = T.nil
15 z.right = T.nil

16 z.color :
17 RB-INSERT-FIXUP(T, 7)
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RB-INSERT(T, 7)

|
2
3

oo~ N R

9
10
11
12
13
14
15
16

y = T.nil
x = T.root
while x #£ T.nil
y =x
if Z.key < x.key
X = x.left
else x = x.right
p =y
if y == T.nil
T.root = z
elseif 7.key < y.key
y.left =z

else y.right = Z
z.left = T.nil

z.right = T.nil
Z.color = RED

CHIaaA ol RB-INseRT-PixwP (T,2) pen
RIPRAST\WARE , SE VEPLUTA MEND, LA PRopriETA
CHe VieT4q bHve wropl ROSSI  PADRE -FL&HD

TREE-INSERT(7, 2)

I y = NIL

2 x = T.root

3 while x # NIL

4 y = X

5 if 7.key < x.key
6 x = x.left
7 else x = x.right
§ Z.p=y

9 if y ==NIL
10 T.root = z // tree T was empty
11 elself z.key < y.key
12 }’.!e" = Z

13 else y.right = Z

17 EB—INSERT—FIX@




RB-INSERT-FIXUP(T, 7)
1 while z.p.color == RED

2 if z.p==2z.p.p.left

3 y = Z.p.p.right

4 if y.color == RED

5 Z.p.color = BLACK

6 y.color = BLACK

7 Z.p.p.color = RED

8 I =Z.p.p

9 else if z == z.p.right

10 I =2Z.p

11 LEFT-ROTATE(T. 2)
12 Z.p.color = BLACK

13 Z.p.p.color = RED

14 RIGHT-ROTATE(T. z.p.p)
15 else (same as then clause

with “right” and “left” exchanged)
16 T.root.color = BLACK

// case 1
// case 1
// case 1
// case |

// case 2
// case 2
// case 3
// case 3
// case 3



RB-INSERT-FIXUP(T, 2)

1 while z.p.color == RED

2 if z.p==2z.p.p.left

3 y = Z.p.p.right

4 if y.color == RED

5 z.p.color = BLACK // case |
6 y.color = BLACK // case |
7 z.p.p.color = RED // case |
8 = 2Z.p.p // case |
9 else if z == z.p.right
10 I =2I.p // case 2
11 LEFT-ROTATE (T, 2) // case 2
12 z.p.color = BLACK // case 3
13 z.p.p.color = RED // case 3
14 RIGHT-ROTATE(T, z.p.p) // case 3
15 else (same as then clause

— _with “right” and “left” exchanged)

16 @r)ot.co!or = BLACK)

IL ColoRe NGRD DBLLA RADICE DENE ESSBRE R\ PRISTIVATD,
QUALORA FoSSE DIGHTATA  ROSSA




RB-INSERT-FIXUP(T, 2)
1 while z.p.color == RED // SIV QUAYDp E' VIOLATA LA
// CHE VIETA Nopl RoSSI cowsBewTll

C ONDl 20V

2 if z.p ==z.p.p.left // CASo 2.p FlGuo SINLSTRO /
// 2.p Nov Puc ESSERE LA RADICE.

3 y =z.p.pright g/ Yy et LO 2o Di R



oo ~1 N

CASo, 210 DI

if y.color == RED
Z.p.color = BLACK
yv.color = BLACK
Z.p.p.color = RED
= 2Z.p.p

2

‘" QOSQO "




10
11

12
13
14

else if z == z.p.right CASo, 210 DI 2 “vero"

T =2.p \ ~
LEFT-ROTATE (T, 2) E ¥ E' UM FiGLIO PESTRO

Z.p.color = BLACK P "
-.p.p.color = RED (ASo, 210 DI Z NERO

RIGHT-ROTATE(T, z.p.p) E =2 E° UM FHgLIW© SINISTRO




2 if z.p==z.p.p.left

15 else (same as then clause with “right” and “left” exchanged)

16 T.root.color = BLACK

COMPLESS [ TA O((fj/@
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13.3-1

In line 16 of RB-INSERT, we set the color of the newly inserted node z to red.
Observe that if we had chosen to set z’s color to black, then property 4 of a red-
black tree would not be violated. Why didn’t we choose to set z’s color to black?

13.3-2

Show the red-black trees that result after successively inserting the keys 41,38, 31,
12,19, 8 into an initially empty red-black tree.

13.3-3

Suppose that the black-height of each of the subtrees «, 8, y.d. e in Figures 13.5
and 13.6 is k. Label each node in each figure with its black-height to verify that
the indicated transformation preserves property 3.
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13.3-4

Professor Teach i1s concerned that RB-INSERT-FIXUP might set T.nil.color to
RED, in which case the test in line 1 would not cause the loop to terminate when Z
is the root. Show that the professor’s concern is unfounded by arguing that RB-
INSERT-FIXUP never sets T.nil.color to RED.

13.3-5
Consider a red-black tree formed by inserting n nodes with RB-INSERT. Argue
that if n > 1, the tree has at least one red node.
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13.4-3
In Exercise 13.3-2, you found the red-black tree that results from successively
inserting the keys 41,38,31, 12,19, 8 into an initially empty tree. Now show the

red-black trees that result from the successive deletion of the keys in the order
8,12,19,31,38,41.




